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1. Introduction 

Working with a singular variety X, one is often interested in comparing the set 
of etale covers of X with that of its smooth locus Xreg- More precisely, one may 
ask: "What are the obstructions to extend finite etale covers of Xreg to all of X? 
How do the etale fundamental groups tti (X) and tti (Xreg) compare?" 

For projective varieties with Kawamata log terminal (kit) singularities we an- 
swer these questions in part. The main result of this paper. Theorem 1.1, asserts 
that there are no infinite towers of finite morphisms over a kit base variety where 
all morphisms are etale in codimension one, but branched over a small set. In a 
certain sense, this result can be seen as saying that the difference between the etale 
covers of X and those of Xreg is finite if X is kit. As an immediate application, we 
construct in Corollary 1.3 a finite covering X ^ X, etale in codimension one, such 
that the etale fundamental groups 7ti(X) and 7ti(Xreg) agree. 

Theorem 1.1 (Etale covers of kit spaces and their smooth loci). Let Xbe a normal, 
complex, quasi-projective variety. Assume that there exists a Q-Weil divisor A such that 
(X, A) is Kawamata log terminal (kit). Given a sequence of finite morphisms between 
normal varieties, etale in codimension one, 

(1.1.1) X = Xo-^Xi-^X2-^X3-3 , 



then all but finitely many of the morphisms 7; are etale. 

Remark 1 .2 (Purity of branch locus). By purity of the branch locus, the assumptions 
that almost all morphisms 7; of (1.1.1) are etale in codimension one can also be 
formulated in one the following, equivalent ways. 



Date: February 8, 2013. 

2010 Mathematics Subject Classification. 14J17, 14B05, 14E30, 14B25. 

Key words and phrases. Minimal Model Program, Algebraic Fundamental Group, KLT Singularities. 

All three authors were supported in part by the DFG-Forschergruppe 790 "Classification of Al- 
gebraic Surfaces and Compact Complex Manifolds". The first named author gratefully acknowledges 
the support of the Baden-Wiirttemberg-Stiftrmg through the "Eliteprogramm ftir Postdoktorandirmen 
und Postdoktoranden" and by the Institute of Mathematics at Albert-Ludwigs-Universitat Freibm"g. 

1 



2 



DANIEL GREB, STEFAN KEBEKUS, AND THOMAS PETERNELL 



(1.2.1) All X/ are etale over the smooth locus of X. 

(1.2.2) The morphisms 7, are etale over the smooth locus of X,_i. 

As an immediate consequence, we state: 

Corollary 1.3 (Extension of etale covers from the smooth locus of kit spaces). Let X 

be a normal, complex, quasi-projective variety. Assume that there exists a Q-Weil divisor 
A such that (X, A) is kit. Then, there exists a normal variety X and a finite morphism 
7 : X — ^ X, etale in codimension one, such that the following holds 

(1.3.1) Any finite etale cover ofX^eg extends to a finite etale cover ofX. 

(1.3.2) The natural map L^, : 7Ti(Xreg) — > ni{X) of etale fundamental groups induced 
by the inclusion of the smooth locus, i : Xreg — > X, is an isomorphism. 

In fact, a somewhat more general statement is true, cf . Remark 6.2. To avoid any 
potential for confusion, we briefly recall the definitions used in the formulation of 
Corollary 1.3. 

Remark 1.4 (Etale fundamental group). Denoting the complex spaces associated 
with X and Xreg by X"" and X^gg, the etale fundamental groups 7ri(X''") and 
7ri(X""g) are the profinite completions of the usual topological fundamental 
groups TZiiX"") and 7ri(X™g). 

As a further application of Theorem 1.1, we obtain a slight generalisation of a 
recent result by Chenyang Xu, [Xul2, Thm. 2]. 

Corollary 1.5. Let Xbe a normal, complex, projective variety. Assume that there exists 
a Q-Weil divisor A such that (X, A) is kit, and — [Kx + A) is big and nef. Then, the etale 
fundamental group 7ti(X]-eg) is finite. 

Further applications will appear in a forthcoming, extended version of this pa- 
per. 

1.1. Outline of the paper. For the reader's convenience, we have gathered in Sec- 
tion 2 a number of facts which will later be used in the proofs. Most of these are 
known to experts, but often a little hard to find in the literature. 

Starting from a recent result of Chenyang Xu [ ], Sections 3-5 discuss and 
prove variants of Theorem 1.1 in a number of special cases, with increasing order 
of complexity. With these preparations at hand. Theorem 1.1 and Corollaries 1.3, 
1.5 will be shown in the concluding Section 6. 

1.2. Acknowledgements. We would like to thank Patrick Graf, Annette Huber- 
Klawitter and Matthias Wendt for numerous discussions. Chenyang Xu kindly 
answered our questions by e-mail. 

1.3. Notation and global conventions. Throughout the present paper, all 
schemes, varieties and morphisms will be defined over the complex number field. 
We follow the notation and conventions of Hartshorne's book [Har77]. In particu- 
lar, varieties are always assumed to be irreducible. 

In the course of the proof, we frequently need to switch between the Zariski- 
and the Euclidean topology. We will consistently use the following notation. 

Notation 1.6 (Complex space associated with a variety). Given a variety or pro- 
jective scheme X, denote the associated complex space by X"'\ It is important 
that X"" is endowed with the Euclidean topology, not the Zariski topology. If 
/ : X ^> y is any morphism of varieties or schemes, denote the induced map of 
complex spaces by/"" : X"" — t- Y"". 
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The following trivial convention will later help to formulate inductive argu- 
ments concisely. For brevity of notation, we briefly recall the definition of a quasi- 
etale morphism. 

Notation 1.7 (Dimension of the empty set). The empty set has dimension minus 
infinity, dim® = — oo. 

Definition 1.8 (Quasi-etale morphisms). A morphism f : X ^ Y between normal 
schemes of finite type is called quasi-etale if f is of relative dimension zero and etale in 
codimension one. 



2. Facts used in the proof 



2.1. Topological triviality of algebraic morphisms. The proof of our main theo- 
rem relies on the fact that any the morphism between complex spaces : X"" 
Y"" which comes from an algebraic morphism / : X — > Y of complex schemes, has 
the structure of a topologically trivial fibre bimdle, at least over a suitable Zariski- 
dense subset of the base. To be more precise, we will use the following result. 

Proposition 2.1 (Topological triviality of morphisms between pointed varieties). 

Let (p : X ^ B be a morphism between normal quasi-projective complex varieties. Let 
S G Xbea closed subvariety such that(p\s : S B is finite and etale. Then, there exists a 
Zariski-open, dense subset U C B with preimage Xjj c X such that the restriction ofcp"" 
to X^ is a topologically locally trivial fibre bundle of pointed spaces with their Euclidean 
topology. 

More precisely, given any point b & U with fibres Xj, c X, Sj, C S, there exists a 
neighbourhood V = V{p) C W", open in the Euclidean topology, with preimage X™ : = 
{(p"")~^{V), and a commutative diagram of continuous maps. 



X«" X y ■ 



projection 



V ■ 



<Pv 



homeomorphic 



yanc 



inclusion 



inclusion 



X" 



such that 
(2.1.1) 



cpy\s''"nxv) = si" X V. 



Proposition 2.1 is known to experts, but does not appear in the literature in the 
exact form given above. For the reader's convenience, we sketch a brief proof, 
reducing Proposition 2.1 to a classical result of Verdier. 

Sketch of proof. Except for Equation (2.1.1), the statement of Proposition 2.1 is con- 
tained in the work of Verdier, [Ver76, Cor. 5.1], which also holds in the non-normal 
setting. Proposition 2.1 can easily be deduced by applying Verdier 's result to the 
non-normal, reducible complex scheme 

X' := (X X {0}) U (S X A^) c X X 



and to the induced map f':X'^ B, [x, z) ^ f{x). 



□ 



For an alternative proof of Proposition 2.1, apply [Kol95, Lem. 2.8.1] to a relative 
Nagata compactification of / : X ^ B. 
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2.2. Normal spaces, coverings. We will later apply the following connectivity 
statement to Euclidean-open subsets of normal varieties. Its proof is fairly stan- 
dard, cf . the proof of the "topological form" of Zariski's Main Theorem in [Mum88, 
Chap. Ill, § 9]. 

Proposition 2.2 (Connectivity). Let Xbe a normal connected complex space. IfScX 
is any proper analytic subset, then X\S is connected. □ 

To prove that the morphisms 7, of Theorem 1.1 are etale, we will use the fol- 
lowing characterisation theorem from [Gro71]. 

Proposition 2.3 (Characterisation of etale morphisms). Let f : X ^ Y be a finite 
morphism of reduced quasi-projective schemes. Assume that Y is normal. Then, f is etale 
if and only if the function <3> that associates to each point y & Y the number of points in 
the preimage, 

O : [closed points ofY} — )■ N, y ^ #{closed points of f^^{y), } 
is constant on Y. 

Proof. Since etalite is local on Y, we can assume without loss of generality that Y is 
irreducible. Since / is finite, note that each of the two assumptions "/ etale" and 
"<I> constant" implies that every irreducible component of X surjects onto Y. The 
statement thus reduces to [Gro71, Chapt. I, Thm. 10.11]. □ 

Finally, we will need the following elementary criterion for a covering space to 
be homeomorphic to a product. 

Proposition 2.4 (Covering spaces of products). Consider a product A x B of two 
connected locally path-connected topological spaces, where B is contractible. Let 7 : X — > 
Ax Bbea continuous map which is finite and unbranched. Given any point b & B, write 
Xjj := 'Y~^{A X {b}). Then there exists a commutative diagram of continuous maps. 



homeomorphic 

XhXB ^ X 



[projection^oj) xldg 
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AxB = AxB. 

□ 



3. Proof in case where the branch locus is finite 

For varieties with isolated singularities. Theorem 1.1 has already been shown 
by Chenyang Xu. The following slight generalisation is a direct consequence of 
his work. 

Proposition 3.1 (Main theorem in case where the branch locus is finite). Let X be 

a normal quasi-projective variety of dimension dim X > 2. Assume that there exists a 
Q-Weil divisor A such that (X, A) is kit. Let 

A = Aq Ai ^ A2 -« A3 -« • • • , 



be a sequence of finite morphisms between normal varieties, and let S G X be a finite set 
such that for any number i E the morphism 7,- is etale away from the finite preimage 
set (7,- o ■ ■ ■ o 7i)"^(S). Then, all but finitely many of the morphisms 7/ are etale. 
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Proof. Proposition 3.1 is an immediate consequence of [ , Thm. 1], which as- 
serts that for each of the finitely many points p & S, the algebraic local fimdamen- 
tal group, 

ft[°'^{X, p) = profinite completion of n^°'^{X, p) 

— profinite completion of tti (Link(X, p)) 
is finite. □ 

4. Proof in case where the branch locus is relatively einite 

The following proposition is a major step towards the proof of Theorem 1.1. 
Proposition 4.1 handles the case where X is fibred, and where almost all of the 
morphisms 7, are known to be etale away from a closed subset S which maps 
finitely onto the base. 

Proposition 4.1 (Main theorem in case where the branch locus is relatively finite). 

Let X be a normal quasi-projective variety. Assume that there exists a Q-Weil divisor 
A such that (X, A) is kit, assume that we are given morphisms between normal quasi- 
projective varieties, 

Y V Y -T'Z Y -'''3 Y - 

A = Ag -< Aj -< A2 A3 -< ■ ■ ■ 



B 

and a closed reduced subscheme S C X of codimension codimx S > 2, satisfying the 
following additional conditions. 

(4.1.1) The variety B is smooth. 

(4.1.2) For all b & B, the fibre Xj, := (p~^{B) is reduced, normal, and none of its com- 
ponents are contained in the support of A. The cycle A^ := A fl X;, /s a Q-Weil 
divisor on X^,. The pair (Xj,, A^) is kit. 

(4.1.3) The restriction (p\s : S — t- B is finite, etale. In particular, S is smooth. 

(4.1.4) The induced morphism of complex spaces, (p"" : X"" B"", is a topologically 
locally trivial fibre bundle of pointed spaces with their Euclidean topology. In 
other words, the conclusion of Proposition 2.1 holds without shrinking B. 

(4.1.5) For each number i e N+, the morphism 7,- is finite. It is etale away from the 
preimage set (71 o ■ ■ ■ o 7,)^^(S). 

Then, all but finitely many of the morphisms 7, are etale. 

The proof of Proposition 4.1 makes use of the following lemma. 

Lemma 4.2. In the setup of Proposition 4.1, assume that S is not empty. Given any fixed 
index i e N"*", write 7 := 71 o ■ ■ ■ o 7; : X; ^> X and consider the reduced preimage 
T := (7~^(S))jed- Then, the induced finite morphism 7I7 : T — )■ S fs etale. 

Remark 4.3. In the setup of Lemma 4.2, given any index i E N, consider the re- 
duced preimage of S, 

'(7-i(S)U if^'>0 
S if f = 



Si - 



As an immediate consequence of Lemma 4.2, we obtain that the restricted mor- 
phism 7/ Is. : Sj — > S,_i is etale, cf. [Mil80, Cor. 3.6]. 

Lemma 4.2 will be shown in the subsequent Section 4.1. The proof of Proposi- 
tion 4.1 is given in Section 4.2, starting from Page 7. 
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4.1. Proof of Lemma 4.2. Since 7 is finite, its restriction g := j\j is clearly a finite 
map. As S is smooth, hence normal, recall from Proposition 2.3 that etalite of g 
will be established as soon as we show that the function 

{closed points of S} p i->- #{closed points of g~^(p)} 

is locally constant. We argue by contradiction and assume to the contrary. By 
semicontinuity, [Gro71, Chapt. I, Thm. 10.11], this amounts to the following. 

Assumption 4.4. There exists a closed point p & S, a Zariski-open subset S° C S and a 
number d G N"*" such that the following holds. 

• The point p is contained in the closure ofS°. 

• For all closed points q € S°, the number of closed points in the preimage g^^ (q) 
equals d. 

• The number of closed points in the preimage ofg~^{p) is less than d. 

The fibre bundle structure. We will use the assumption that is a topologically lo- 
cally trivial fibre bundle. To set up notation, set b := (p{p) G B. Assumption (4.1.4) 
allows to find connected Euclidean open neighbourhoods U = ll{b) c B"" and 
V = V{p) C X"" such that the following holds. For all points a E U, there exists a 
commutative diagram of continuous maps, 

<p 

Va X U 9- V where 

homeomorphic 

projection := {(p"")^'^ (a) D V 

u = 

such that 

(4.5.1) cp-^is"") = (Vans"") xU. 

Simplifying assumptions. Everything said until now remains true when we replace 
!J by a smaller neighbourhood of b and shrink V accordingly. This allows to make 
the following assumption, which will later simplify the arguments substantially. 

Assumption w.l.o.g. 4.6. The set U is contractible. 

Let Sp C S be the connected component of S which contains p. It follows im- 
mediately from Assumption 4.4 that there exist points a Ell such that 

#{closed points in ((?) } = d for any closed point q e (^~^ (a) n Sp. 

Choose one such a and fix that choice for the remainder of the proof. Shrinking V, 
we can then assume that the following additional properties hold. 

Assumption w.l.o.g. 4.7. There exists a unique point q EVaf] S"". 

Assumption w.Lo.g. 4.8. The set i^a) has exactly d distinct connected compo- 

nents. 

End of proof. Consider the preimage W := (7''")~^(V) c X?". In order to arrive at 
a contradiction, we analyse the covering map 7lw\r"» • ^ \ ~^ ^ \ ■5'"'' which 
is imbranched by Assumption (4.1.4). We have homeomorphisms 

V \ S"" ^ (Vfl \ S"") X U Equation (4.5.1) 

- \ {'?}) X U Assumption 4.7. 

Since LI is contractible by Assumption 4.6, the description of covering spaces given 
in Proposition 2.4 yields homeomorphisms, 

w\r" = iY'T^vXs"") = ((7"")"^^^ {'?})) X u. 

In particular. Assumption 4.8 implies the following. 
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Consequence 4.9. The set W \ T"" has at least d connected components. 

On the other hand, the morphism 7"" | w : W ^ V is finite, so that the preimage 
set {y''")~^{p) = ig''")~^ip) intersects every connected component of W. As- 
sumption 4.4 therefore implies the following. 

Consequence 4.10. The set W has strictly less than d connected components. 

Consequences 4.9 and 4.10 contradict the normality of X, and X"". As we 
have recalled in Proposition 2.2, the connected components of the normal com- 
plex space W c X, cannot become disconnected by removing the proper analytic 
subset T"" n W. This contradiction finishes the proof of Lemma 4.2. □ 



4.2. Proof of Proposition 4.1. We aim to apply Proposition 3.1 to a very general 
fibre of the morphism (p. Once it shown that almost all of the morphisms 7, are 
etale along this one fibre, we will employ Lemma 4.2 to conclude that they are in 
fact everywhere etale. 



Setup and notation. If S is empty, there is nothing to show. We will therefore assume 
throughout the proof that S 7^ 0. Given any index i E N, consider the map 

J, f(7io---o7,) :X,-^X. iff>0 
|ld:Xo^X iff = 

and the reduced preimage subscheme 

Si ■.= {{! ir'{S))^^^cX,. 

By Seidenberg's theorem, [ , Thm. 1.7.1], there exists a dense open subset B° C 
B such that the following holds for any closed point b G B°. 

(4.11.1) The scheme-theoretic fibre X,^ := {(p o r,)~^(fo) is reduced and normal. 



Choice of a good base point. Owing to the uncountability of our base field C, the in- 
tersection of the countably many dense, Zariski-open sets (B°),£]n is not empty. 
We can therefore find (uncountably many) closed points b E B such that Prop- 
erty (4.11.1) holds for all indices i G N. Choose one such b and fix that choice for 
the remainder of the proof. 



Induced morphisms between the fibres. Consider the restricted morphisms 7,^;, : = 
Ti lxjj, : X, Xj_i i,. The 7, align to give a sequence of finite morphisms, 

(4.ii.Zj Xq i, ^ Al l, ^ -^2,b ^ -^3,b ^ ' ' ' • 

Recalling from Assumption (4.1.5) that the morphisms 7, are etale away from 
the preimage set S/, it follows from stability of etalite under base change, [Mil80, 
Prop. 3.3], that the restricted morphisms 7, ^ are etale away from the finite set 

Xi,b n Si = (7i,fa o ■ ■ ■ o 7,-b)"^(So n Xo,b). 

Together with Assumption (4.1.2) and Property (4.11.1), this allows to apply 
Proposition 3.1 to the sequence of morphisms given in (4.11.2). We obtain that 
all but finitely many of the morphisms 7, are etale. 
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End of proof. Let i E 1N+ be one of the indices for which 7,- ^ is etale. We will then 
show that 7; is etale. Using the characterisation of etalite given in Proposition 2.3, 
it suffices that show that 

(4.11.3) #{closed points of 7,~^(p)} = deg7/ for all p E S,_i. 

Lemma 4.2 and Remark 4.3 simplify this task: since 7, |s : S, — > Sj_i is etale, it 
suffices to check Equation (4.11.3) for finitely many closed points p G S,_i, one for 
each connected component of S/_i. By Assumption (4.1.3), the map (<^or,_i)|5. ^ '■ 
Si_i — > B is finite, and every connected component of S/_i will intersect X,_i i,. It 
will therefore suffice to check Equation (4.11.3) for the finitely many closed points 

of x,_i^bnS/_i. 

By assumption, 7, ^ is etale and the function 

{closed points of X,_i N+, p #{closed points of 7~^(p)} 

therefore locally constant. It takes the value deg 7, on the dense open set X/_i {, \ 
S,_i, over which 7,- is assumed to be etale by (4.1.5). Equation (4.11.3) therefore 
holds true for all closed points of Xj_i j,, including those contained in S,_i. This 
finishes the proof of Proposition 4.1. □ 

5. Proof at general points of the branch locus 

As a next step in the proof of Theorem 1.1 we show that almost all of the mor- 
phisms 7, are etale over general points of any potential branch locus. 

Proposition 5.1. Let Xbe a normal quasi-projective variety. Assume that there exists a 
Q-Weil divisor A such that (X, A) is kit. Assume further that we are given a sequence of 
finite morphisms between normal varieties, 

A = Aq -6 Ai ^ A2 -6 A3 -6 • • • , 



and a closed reduced subscheme S C X of codimension codimx S > 2 such that for any 
number i e N+, the morphism 7/ is etale away from the reduced preimage 

S/:= ((7io---o7/)"'(S)),,d- 
IfTC S is any irreducible component, then there exists a dense, open subscheme T° c T 
and a number Nj E N"'" such that for all i > Nj, the morphism 7/ is etale at all points of 
the reduced preimage 



T°:=((7io...o7,)-Hr°)) 



red' 



5.1. Proof of Proposition 5.1. If S is empty, there is nothing to show. If T is an 
isolated point of S, the assertion has already been shown in Proposition 3.1. We 
will therefore make the following assumption throughout the proof. 

Assumption w.l.o.g. 5.2. The variety T is positive-dimensional. 

Projection to the siibvariety T. We will analyse the behaviour of the morphisms 7; 
near the generic point of T using the technique of "projection to a subvariety", 
explained in detail in [GKKPll, Sect. 2.G]. More specifically, recall from [GKKPll, 
Prop. 2.26] that there exists a Zariski-open subset X° C X such that T° := T n X° 
is not empty, and normal varieties Z, B forming a diagram 

4' 

Z 



finite, etale 



B 
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with the property that the restriction of (p to any connected component of Tp^^{T°) 
is an isomorphism. In particular, (p\^-i(^jo^ : ip^^{T°) — > B is etale. Given any 
number i E N, let Z,- be the normalisation of the fibre product Z Xx X,-. These 
spaces and their standard projections form a commutative ladder. 



(5.2.1) X = Xo 

fo='P 




satisfying the following properties for all / e N+. 

(5.2.2) All horizontal arrows are finite, and etale away from the proper closed 
subschemes S,- C X,- and ip^^{Si) C Z,-, respectively. 

(5.2.3) All vertical arrows other than ^ are etale, mapping the spaces Z, finitely 
onto the Zariski-open sets X° := (71 o • • • o 7,)~^(X°). 

Application of Proposition 4.1. Shrinking X° if necessary, we are free to assume that 
the following additional properties hold. 

Assumption w.l.o.g. 5.3. The intersection X° n S is contained in T and therefore equal 
to the open subset T° C T. By stability of etalite under base change, [ , Prop. 3.3], 
we have that for any number i e N"*", the morphism (pi is etale away from the reduced 
preimage 

Since xp is etale, it is possible to pull back Weil divisors from X to Z. Writ- 
ing Az := ip^^{A), it follows from [ , , Prop. 5.20] that the pair (Z,Az) is 
kit. Shrinking B, Z and X°, using generic smoothness of B, Seidenberg's theorem, 
[BS95, Thm. 1.7.1], the Bertini theorem for kit pairs, [KM98, Lem. 5.17] as well 
as the topological triviality of morphisms between varieties discussed in Proposi- 
tion 2.1, we can additionally assume that the following holds. 

Assumption w.l.o.g. 5.4 (Generic Smoothness). The variety B is smooth. 

Assumption w.l.o.g. 5.5 (Seidenberg and Bertini theorem for kit pairs). For all b e 

B, the fibre Zj, := (p~^{b) is reduced, normal, and none of its components are contained in 
the support 0/ Az. The cycle A;, := Az n Z;, is a Q-Weil divisor on Zf,. The pair (Z^,, Af,) 
is kit. 

Assumption w.l.o.g. 5.6 (Topological triviality). The induced morphism of complex 
spaces, cp"" : Z"" B"" is a topologically locally trivial fibre bundle of pointed spaces 
with their Euclidean topology. 

In summary, we have just checked that the morphisms cp, cpi, (p2, ... of Dia- 
gram (5.2.1) satisfy all assumptions made in Proposition 4.1. Consequently, all 
but finitely many of the morphisms (</',)/eN are etale. In other words, there exists 
a number Nj G such that the morphisms are etale for all i > Nj. 

End of proof. Commutativity of Diagram (5.2.1) together with Property (5.2.3) thus 
implies that the restrictions 7, |x° : X° X°_-^ are etale for all i > Nj, cf. [MilSO, 
Cor. 3.6]. Assumption 5.3 thus implies that the morphisms 7; are etale at all points 
q e T°, as claimed. □ 
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6. Proof of Theorem 1.1 and Corollaries 1.3 and 1.5 

6.1. Proof of Theorem 1.1. Theorem 1.1 is an immediate consequence of the fol- 
lowing proposition, whose statement is more involved, but amenable to induction. 
Theorem 1.1 follows from Proposition 6.1 by using Remark 1.2 and taking the sin- 
gular locus of X for S, that is, S := Xging. 

Proposition 6.1. Let Xbe a normal quasi-projective variety. Assume that there exists a 
Q-Weil divisor A such that (X, A) is kit. Assume further that we are given a sequence of 
finite morphisms between normal varieties, 

A = Aq -« Ai ^ A2 -« A3 -« • • • , 



and a closed reduced subscheme S C X of codimension codimx S > 2 such that for any 
number i E N+, the morphism 7/ is etale away from the reduced preimage 



S/:= {{7io---oji)-\S)) 



red' 



Then, there exists a number Ns such that for any number i > Ng, the morphism 7,- is 
etale. 

Proof. We argue by induction, using the dimension of S as our induction variable. 
If dimS = 0, the claim has already been shown in Proposition 3.1. We will there- 
fore assume that dimS > and that Proposition 6.1 has already been shown for 
all kit pairs {y,D) and proper subschemes R c Y where dim R < dim S. 

Decompose S into irreducible components, S = U S'^ U • • • U S". Apply 
Proposition 5.1 to each component S' and, using the open sets (S^)° and numbers 
Ng, introduced in Proposition 5.1, set 

S' :=S\ ((Si)°U---U(S")°) and 
N := maxjlVsi, . . .,Ns«}. 

With these definitions, it is clear that for any number i > N, the morphism 7, is 
etale away from the reduced preimage 



S;:= ((71 0...0 70-1(5')) 



red' 



whose dimension is strictly smaller than that of S, that is, dim S' < dim S. 

We aim to apply the induction hypothesis to X]v. As before, using finiteness of 
7i o • • • o 7^, it is possible to pull the Q-Weil divisor A back to a Q-Weil divisor 
An on Xn. Again, recall from [IviViyr , Prop. 5.20] that the pair (X^, Az) is then 
kit. In summary, we can apply the induction hypothesis to the sequence of finite 
morphisms 

^ 7N+1 7N+2 7N+3 

A]v Af^+l ^ ■ ■ ■ / 



which are unbranched away from the preimages of S^. We obtain a number Ngi 
such that the 7, are etale for all z > Ng := N + N5/. This finishes the proof of 
Proposition 6.1. □ 



6.2. Proof of Corollary 1.3. To prove Corollary 1.3 we will first show that there 
exists a finite quasi-etale cover X ^> X that satisfies Statement (1.3.1). We will then 
see in a second step that this cover also satisfies Statement (1.3.2). 
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Proof of Statement (1.3.1). We argue by contradiction and assume that there is no 
cover which satisfies Condition (1.3.1). In particular, Idx : X — > X does not satisfy 
the condition, so that there exists a finite quasi-etale cover 71 : Xi ^ X that is not 
etale. Observing that Xi also does not satisfy Condition (1.3.1), we can inductively 
construct a sequence of morphisms, 

A — An -« Ai ■< At -« K% -« • • • , 



where none of the quasi-etale maps is actually etale. This contradiction to Theo- 
rem 1.1 finishes the proof of Statement (1.3.1). 

Proof of Statement (1.3.2). If X ^ X is any cover for which Statement (1.3.1) holds, 
injectivity of follows immediately. For surjectivity, recall from [FL81, 0.7.B on 
p. 33] and [ , Prop. 2.10] that the push-forward map between topological fun- 
damental groups, 

i,:7ri(X-)^^i(X''") 

is surjective. Because profinite completion is a right-exact functor, [RZIO, 
Lem. 3.2.3 and Prop. 3.2.5], it follows that is likewise surjective. This finishes 
the proof of Statement (1.3.2) and hence of Corollary 1.3. □ 

Remark 6.2. In the setting of Corollary 1.3, let 71 : X^ — t- X be any finite quasi-etale 
morphism of normal varieties, and Aj := 72(A) the pull-back of the divisor A, 
which exists because 71 is finite. Recalling from [ , Prop. 5.20] that (Xi, Ai) 
is kit, we can apply Corollary 1.3 to Xj. In summary, we see that any finite quasi- 
etale cover of X can be enlarged to a cover where Conditions (1.3.1) and (1.3.2) 
hold. 

6.3. Proof of Corollary 1.5. We argue by contradiction and suppose that the etale 
fundamental group /fi (Xreg) is infinite. We can thus find smooth varieties X° and 
a sequence of etale morphisms, 

reg — Aq Aj -6 Aj A3 • • • , 

where each of the morphisms 7° is given by a non-trivial surjection of 7Zi{X°_-^) 
to a finite group, [RZIO, Thm. 2.6.4]. By a classical result of Grauert-Remmert 
[DG94, §3.3], [Gro71, XII, 5.4] the morphisms 7° admit unique extensions 7, which 
a sequence of finite quasi-etale morphisms of normal connected varieties, 

A = Aq -« Aj ^ A2 -« A3 -6 • • • . 



Theorem 1.1 asserts that almost all 7, are etale. In contrast to that, we will now 
show that in fact none of the 7/ can possibly be etale. 

To this end, use finiteness of 7; to define pull-back divisors on X,, 

A/ := (7io...o7,-)*(A), 

and use finiteness of the 7, as well as [KM98, Prop. 5.20] to conclude that the pairs 
(Xj, Aj) are kit. In fact, more is true. Since the 7, are all etale in codimension one, 
there exists a Q-linear equivalence of Q-Cartier, Q-Weil divisors, 

(6.3.1) Kx, + A, ~Q (71 o . . . o 7,)*(Xx + A). 

Equation (6.3.1) shows that the divisors — (Xx, + A, ) are nef and big, for all / e N. 
In this setting, a result of Takayama [TakOO, Thm. 1.1], see also [Zha06, Cor. 1], as- 
serts that the associated analytic spaces X™ are all simply connected. In particular, 
none of them admits a connected etale cover. This contradiction finishes the proof 
of Corollary 1.5. □ 
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